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The interactions of electro-elastic ﬁelds with voids and cracks contained in a piezoelectric solid are addressed both in
closed form and numerically. The numerical algorithm, based on ﬁnite elements, is used to generate results that compare
very well with available analytical solutions. Through the numerical results, it is shown that the simpliﬁed impermeable
and the exact electric boundary conditions lead to the same result when the hole is open, but diﬀer signiﬁcantly when
the hole is rather slender or becomes a mathematical crack. For the latter situations, the ﬁnite element meshes must be
very structured and progressive, and special care must be taken with the resolution. It is also shown that the geometry
of the void, the nature of the materials inside and outside the void, and the assumed electric boundary conditions play
a signiﬁcant role in the quantitative and qualitative nature of the elastic and electric ﬁeld distributions in the neighborhood
of the void’s tip, thus all being important in the design of electromechanical devices and structures. The development of the
ﬁnite elements described in the article goes far beyond its usage as a validation tool. Rather, we show that it is an eﬀective
and accurate tool to address problems far complicated to be solved in closed form.
 2006 Elsevier Ltd. All rights reserved.
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Consider an elastic body containing an elliptical cavity. If tensile forces perpendicular to the major axis of
the ellipse are applied to the body the result is well known: Tensile stresses are induced in the boundary of the
ellipse, which eventually tend to promote the growth of the hole. According to Elasticity Theory, when the
ellipse becomes a mathematical crack these stresses are singular at the tip of the crack. When the body in addi-
tion to elasticity exhibits electric polarization (like a piezoelectric ceramic or a quartz crystal) the experiment
mentioned above replicates qualitatively, with the stress magnitudes scaled according to the new material
characteristics. But in polarized materials one can also induce stresses by loading the body electrically. Under020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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vicinity of the hole? Will the hole tend to grow in size? Does it matter in which direction such a ﬁeld is applied?
What is the ﬁeld itself inside the cavity? For more than a decade, these and similar questions attracted the
attention of a large number of investigators working in the area of electro-elasticity. Contrary to the case
of the purely elastic body, the electro-elastic problem not only turned out to be far more complicated but,
more interesting, it lead to results not always in agreement with experimental observation. In addition, for
the problem commented above the results were shown to depend strongly on the imposed electric boundary
conditions at the rim of the hole.
From a practical point of view the attention has been focused on piezoceramic bodies (like those of the PZT
family) because of their great performance in a large number of applications. Furthermore, as most ceramics,
PZT is extremely brittle and thus possesses very low fracture resistance. It is not a surprise, therefore, to wit-
ness investigations on crack problems in piezoelectric ceramics with the objective of establishing safe mechan-
ical loading conditions for particular geometrical conﬁgurations. However, in polarized ceramics, stresses are
not the sole responsible for catastrophic failure. In fact, electric ﬁelds tend to play also a very important role
either directly, in the sense of reaching an intensity that may produce depoling or even dielectric breakdown,
or indirectly by inducing high mechanical stresses via the piezoelectric eﬀect. While it is rather obvious, from a
physical standpoint, to understand the behavior of elastic variables when the loads are mechanical, it is far less
intuitive to visualize the eﬀects that an electric ﬁeld may have on such variables.
Due to the material symmetry of piezoceramics most analytical models have been based on the so-called
anti-plane and in-plane conditions. In the jargon of fracture mechanics the former allows to study mode
III crack problems while the latter contemplates both modes I and II. Furthermore, the anti-plane model
decouples elastic and electric ﬁelds in the constitutive equations rendering much simpler mathematical formu-
lations. On the other hand, the in-plane problem, although two-dimensional, preserves complete coupling
between electric and mechanical variables, thus allowing the study of more complex phenomena. The litera-
ture is vast on both problems1 and hence we omit any further elaboration on the details. It must be said, how-
ever, that within any of the two models there have been discrepancies regarding the behavior of the electric
ﬁeld at the tip of a crack. The source of the discrepancy was found to be the nature of the electric boundary
conditions imposed at the surface of the defect. Assuming that air resides inside the defect, whose dielectric
constant is much smaller than that of the surrounding material, researchers assumed the so-called imperme-
able electric boundary conditions (simply put the ﬁeld induced in the body does not permeate the hole). As a
result of this assumption, it was found that in the case of the crack the ﬁeld is singular. Later, it was shown
that such singularity was artiﬁcial, and that it could be eliminated by simply enforcing the true boundary con-
ditions, which requires modeling the domain inside the cavity (McMeeking, 1989; Dunn, 1994; Sosa and Khu-
toryansky, 19962). Perhaps the most interesting ﬁnding is that for relatively wide open holes both sets of
boundary conditions lead to the same result. It is only in the case of very slender holes, or the limiting case
of the mathematical crack, where the results are dramatically diﬀerent.
Taking the models to the laboratory to perform controlled experiments is not straightforward. Many inter-
esting results have been published (Park and Sun, 1995; Jelitto et al., 2004). From these experiments, perhaps
the most interesting conclusion is the following: A positive electric ﬁeld (that is, with the direction of polar-
ization) aids crack propagation and, therefore, decreases the fracture toughness of the material, thus reducing
the necessary mechanical load to produce failure. Conversely, if the ﬁeld is negative, crack propagation is
impeded with a resulting increase in fracture toughness. Needless to say that such damaging or healing char-
acteristics of the electric ﬁeld posses many interesting questions from both fundamental and applied points of
view. See Section 2 for some limiting analyses and Section 4 for results.
In the previous article S–K we presented the ﬁrst model of the fully coupled in-plane problem using the
exact electric boundary conditions.3 Our results predicted the behavior precisely observed in the aforemen-
tioned experimental investigations, and also contained as a particular case the impermeable model. Unfortu-1 See for example McMeeking (1999) for an excellent account on several issues related to piezoelectric materials with defects and a fairly
representative list of references.
2 From now onwards we shall refer to this article simply as S–K.
3 Gao and Fan (1999) later on revisited the issue with a similar perspective.
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tions, closed form solutions are either unattainable or so complicated in form that are either not useful for
design purposes or hide the physical aspects necessary to reach qualitative conclusions. The natural approach
is thus via numerical solutions, and in this ﬁeld works based on the ﬁnite elements method (FEM) have been at
the forefront (e.g., Kumar and Singh, 1997a,b, 1998). The present article is a contribution to this latter ﬁeld of
research with two distinctive characteristics: (i) it is based on a research ﬁnite element particularly suitable for
the analysis of electromagnetic materials; (ii) as in S–K, it addresses the crack problem as the limiting case of
the elliptical hole. This last characteristic is by no means trivial since when the elliptical hole becomes very
slender it is very diﬃcult to construct meshes that do not include distorted elements. Using this limiting
approach eliminates any speculation regarding the appropriateness of the imposed electromechanical bound-
ary conditions (Kumar and Singh, 1998).
As mentioned before, when the cavity is suﬃciently open, it is immaterial what electric boundary conditions
are enforced, and indeed this feature is very well reproduced by the proposed FEM algorithm. Now, when the
elliptical cavity becomes very slender, most general numerical methods tend to fail. To overcome this deﬁcien-
cy, the typical solution is to start right from the beginning with a mathematical crack by means of special ele-
ments, often based in the boundary element technique, such as those developed by Sze and Pan (2001a,b) and
Wang et al. (2004). In our view, for those cases involving cracks that are never completely closed (most likely
the vast majority), it is of interest to preserve the elliptical hole as narrow as possible but not to the extent of
becoming the mathematical slit crack.
In this paper, the standard FEM elements are tested against the exact solutions of S–K. Furthermore, rath-
er than a validation of the expressions obtained by S–K, this article should be viewed as an attempt to ﬁnding
the implications of the choice of boundary conditions, using the ﬁnite element method as a virtual laboratory.
Works of the kind described in the previous paragraph can not achieve this goal since they start from a par-
ticular set of boundary conditions and analytical formulae.
To make the article self-contained yet not repetitive, we include in Section 2 a few results from S–K together
with additional information neither discussed nor published before. In Section 3 we present brieﬂy the FEM
formulation, for a complete two-dimensional piezoelectric ﬁnite element. In Section 4 numerical examples are
addressed, discussed, and compared with those of Section 2. In the ﬁnal Appendix A a table with the three-
dimensional material properties from diﬀerent sources is provided.
2. The electromechanical models
This section presents a summary of results obtained before in closed form and which are used as benchmark
solutions to test the FEM developed for this purpose.
2.1. Formulation
We adhere to the notation suggested by the IEEE Standard on Piezoelectricity (IEEE, 1987). Namely T, S,
E, D, /, and u denote the stress, strain, electric ﬁeld, electric displacement (or induction), electric potential and
displacement, respectively. In the absence of body forces and electric charge density the equations that govern
our problem are the reduced (quasi-static) Maxwell equations, the equilibrium equation and the relations
between ﬁeld-electric potential and strain-displacement. That is $ÆD = 0, $ · E = 0, $sÆT = 0, with
E = $/, S = $su = ($u + $ut)/2 and where $su and $ut are the symmetric part and the transpose of $u,
respectively. The constitutive equations, in symbolic or matrix form, are given byS ¼ sD Tþ gt D; E ¼ gTþ bT D; ð1Þ
where sD is the elastic compliance (measured at constant D, otherwise called at open circuit), g is the piezo-
electric constant and bT is the dielectric impermeability (measured at constant stress, which is simply the in-
verse of the dielectric permittivity T), see Table A.
We consider a transversely isotropic piezoelectric solid, which with respect to a Cartesian coordinate system
(x,y,z) is poled in the z-direction. Accordingly, planes x–z and y–z are equally anisotropic, while x–y (the bas-
al plane) is isotropic. A fully coupled 2-D analysis requires to conﬁne the study to the planes x–z or y–z. We
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constitutive equations it can be found that Dy = Tyz = Txy = 0 and the non-zero value of Tyy. As a result the
physical variables reduce to equations 6(a) and 6(b) in Sosa (1991), where the reader needs to exchange in this
reference the variable a11 for s11, b21 for g21, d11 for b11, etc.
We are concerned with an inﬁnite piezoelectric solid containing an elliptical hole (of contour denoted by C)
of dimensions 2a and 2b along the x and z axes, respectively, as shown in Fig. 1. The hole is ﬁlled with a
homogeneous gas of dielectric permittivity c (if the gas is air or vacuum we simply set c = 0 = 8.85 · 1012
[C2/Nm2], the permittivity of free space).
In the absence of forces applied to the rim of the hole, the mechanical boundary conditions simply state that
C is traction free, that is, t = 0. On the other hand, the issue of the electrical boundary conditions is less
straightforward, and it has been the primary focus of controversy during the past decade. Strictly speaking
we are in the presence of two dielectrics with diﬀerent characteristics and with a common boundary C. In gen-
eral, both dielectric regions must be modeled and analyzed. Furthermore, at C there cannot be free surface
charge unless it is placed there. We assume that this is not the case. It has been argued that since the dielectric
constant of the air is much smaller than that of the solid (nowadays most ceramics have dielectric constants
K = /0  103) one can consider the hole impermeable to the electric ﬁeld. As a consequence, there is no need
for modeling the interior of the hole. This motivated the terminology of ‘‘Impermeable’’ boundary conditions
(BC), and under such conditions one can write: t = 0 and Dn = 0, with Dn = DÆn, where n is the unit outward
normal to C, Fig. 1. In these equations all quantities on the left are clearly evaluated within the solid. A more
appropriate set of boundary conditions, to which we shall refer as Exact BC, does not rule out the possibility
of a diﬀerent homogeneous material ﬁlling in the hole, and therefore, requires a study of its interior. In the case
of gases (whether dielectric or not) we only need to solve the Laplace equation for the electric potential, and
we have Dc = cE
c = c$/c. Thus we write (Tiersten, 1990): t = 0, Dn = c o/c/on, / = /c, where the quan-
tities on the left are again evaluated within the piezoelectric body and those with supra- or subindex c exist
within the cavity. Clearly, if the material in the hole is air we can recover from the exact model the imperme-
able approximation by setting c = 0 and discarding the continuity equation for /. Note that Dn = co/c/on
is a consequence of zero surface charge at the surface of C, while / = /c is a consequence of the continuity of
the tangential component of the electric ﬁeld across C.2.2. Notes on the ﬁeld inside and outside the hole
Suppose the piezoelectric body is subjected to a far ﬁeld E1 ¼ ðE1x ;E1z Þ, then we have found (S–K) that the
components of E inside the cavity are given byEcx ¼
ðcþ 2aÞ
cþ 2acb11
E1x ; E
c
z ¼
acþ 2b11b122
 
acþ 2cb11
E1z ; ð2Þwhere a = b/a and c is a real number, such that c > 1 (Table A). Naturally, the above results are a consequence
of using the exact model since the approximate model does not consider what happens inside the hole. The
important feature of Eq. (2) is that the ﬁeld is uniform within the hole and, therefore, these componentsFig. 1. Inﬁnite piezoelectric plate with elliptical hole.
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component of the electric ﬁeld. Next we introduce three diﬀerent tests in Fig. 2, the last two presented for the
ﬁrst time, to validate the correctness of Eq. (2).
The ﬁrst test (i) corresponds to the trivial case of considering the same isotropic material, inside and outside
the hole: b11 ¼ b22 ¼ 1c , in which case we directly obtain Ec = E1.
For the second (ii) and third (iii) tests we shall consider the case when the cavity is a circular disk and the
surrounding material is isotropic. Thus a = 1 and we let b11 ¼ b22 ¼ 1m . Hence the components of the ﬁeld
given by Eq. (2) are identical, provided the components of E1 are equal. Thus, let us assume that this is
the case and E1 either (E0,0) or (0,E0). HenceEcx ¼ Ecz ¼ Ec ¼
ð2þ cÞ
cþ 2c1m
E0: ð3ÞThe second test corresponds to the case of a dielectric disk (of constant K) placed within a uniform electric
ﬁeld E0. In this case the ﬁeld inside the disk is given by (Landau et al., 1984)E ¼ 2
1þ K E0; ðaÞwhere K is the dielectric constant of the disk. To reproduce the above result we need to make the following
change in Eq. (3): m = 0 (since the material surrounding the disk is air); thus c
1
m ¼ c10 ¼ K. Hence
Ec = E0[(2+c)/(c+2K)] which becomes (a) when c = 2. That is, we have deduced that c = 2 represents the lim-
iting case of an isotropic material, and therefore non-piezoelectric. Performing computations from S–K for the
materials listed in Table A (taking the elastic properties E1 = E3 = E, m12 = m13 = m, G12 = G23 = G = E/
2(1 + m), any value for bTij and gij = 0), we ﬁnd that under these conditions of isotropy the result is indeed
c = 2 for all of them.
Finally, the third (iii) test is about a dielectric medium of constant K containing a circular cavity. If E0 is the
ﬁeld in the material, that in the cavity is shown to be (Landau et al., 1984)E ¼ 2K
1þ K E0: ðbÞTo reproduce this problem in Eq. (3), we set c = 0, so c
1
m ¼ 01m ¼ K1. Hence Ec = K E0[(2 + c)/(2 + cK)]
which reduces to (b) when again c = 2, that is, the material is isotropic. Since, in general, K 1 (and c > 1) we
can express the ﬁeld inside the cavity byFig. 2. Test on electric isotropic plates and ﬁnite element boundary conditions.
Table
Electri
Test
(i)
(ii)
(iii)
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c
þ 1
 
E0:Thus, for the limiting case of isotropy the ‘‘ﬁeld concentration’’ in the cavity is twice the value of the applied
external ﬁeld. On the other hand for c < 2, Ec > 2E0 while for c > 2, E
c < 2E0, both situations can be observed
in Table A. In other words, piezoelectricity and material anisotropy can increase or decrease the value of the
ﬁeld inside the cavity.
Table 1 shows the results of the analytical and ﬁnite element solutions for the three cases discussed above
for the particular case of a PZT-4 ceramic. Given the simple nature of these cases the relative error between
both solutions is quite negligible. The lower part of Fig. 2 shows the ﬁnite element boundary conditions,
arranged so that the voltage ﬁeld is prescribed for at least one point, and has supports so that any rigid body
motion (translation or rotation) is prevented. In Fig. 2 shaded areas represent air and lined areas ceramic,
while in Fig. 2(ii) the boundary of the air is represented by a dotted line. The ﬁnite elements that simulate this
area are very similar to those that simulate the ceramic (see Section 3.1 for discussion). Due to symmetry, only
one quarter of the plate needs to be analyzed, adding the proper boundary conditions and setting the diﬀer-
ence of potential to half that of the complete plate.
In conclusion, we can say with a high degree of conﬁdence that Eq. (2) are exact expressions for the com-
ponents of the electric ﬁelds inside a cavity contained in a piezoelectric medium and constitute a good refer-
ence for testing the proposed FEM for any value of a. For the remainder of this section we set c = 0 in Eq.
(2); the cavity is in fact ﬁlled with air and we assume E1x ¼ E1z ¼ E0.
Next we display the main characteristics of Eq. (2) with air, which as stated above are based on exact
boundary conditions. The ﬁrst characteristic is that Eq. (2) contains the impermeable case as well. In such
a case we set 0 = 0. If under such conditions we let a! 0, the hole becomes a crack of length 2a along
the x axis and the components of the ﬁeld become Ecx ¼ E1x , Ecz !1. That is, the ﬁeld is singular. We can
obtain a similar result if the crack is along the z direction by letting a!1. Once again, since the ﬁeld is uni-
form inside the hole, and at C one must satisfy continuity of the tangential component of the ﬁeld, the singu-
larities must be also present at the boundary when we approach it from the piezoelectric solid. In conclusion,
the electric ﬁeld is singular at the tip of the crack according to a model based on impermeable electric bound-
ary conditions.
Let us now discuss what happens inside the crack under the use of Eq. (2) if 0 is non-zero. When a =0 we
obtain Ecx ¼ E1x and Ecz ¼ E0=b220, that is, the ﬁeld may be very large but is bounded by the permittivity of the
material surrounding the hole. For instance, for the materials PC8 or PZT-4 we ﬁnd Ecz  103E0. On the other
hand, if the crack is along the z axis: Ecx ¼ E0=b110 and Ecz ¼ E1z , which again gives a bounded ﬁeld. Since the
permittivities of the material in the x and z directions are of the same order of magnitude, the previous expres-
sions show that, in the limiting cases, the behavior of the electric ﬁeld does not depend on the orientation of
the crack with respect to the poling direction.
Now, if we calculate the electric ﬁeld within the material under the condition of an external ﬁeld
E1 = (0,E0), at the boundary C the tangential component of the ﬁeld is given by S–KEtðhÞ ¼
acþ 2b11b122
 
a cos h
acþ 20b11
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 cos2 hþ sin2 h
p E0; ð4Þwhere h is measured from the tip of the ellipse in counterclockwise direction, as in Fig. 1. For example, at
h = 0, that is, at the point on C of coordinates (a, 0), Eq. (4) coincides with Ecz from Eq. (2). In the particular1
c ﬁeld [V/m]
Analytical FEM Relative error (%)
1.0 · 106 1.0 · 106 0
1.277 · 103 1.283 · 103 0.41
2.128 · 106 2.131 · 106 0.12
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is no electric ﬁeld acting in the x direction.
We can also analyze what happens inside the hole when the remote loads are of mechanical nature. As
shown in S–K, the exact results are more cumbersome to obtain. Let us concentrate on the case of a remote
stress T1zz ¼ T 0 applied in the z direction. The applied force strains the solid and, due to the piezoelectric eﬀect,
an electric ﬁeld is induced. The ﬁeld not only exists in the solid but also permeates the hole, provided the model
allows for it. Correcting a mistake in the original paper S–K, we ﬁnd that in this case the ﬁeld inside the cavity
is given byEcx ¼ k1
b11
cþ 2a0b11
T 0; Ecz ¼ 2g220 þ k2ð Þ
b11
acþ 20b11
 
T 0; ð5Þwhere k1 and k2 are bounded functions of the material constants, whose exact expressions have been provided
in S–K and whose values are given in Table A. This result is interesting in that the stress in the poling direction
induces a ﬁeld in both x and z directions. If we set 0 = 0 to describe the problem from the impermeable point
of view, using the condition of tangential continuity of the electric ﬁeld to describe what happens on the rim of
the hole as viewed from the material, we observe that when a = 0 then Ec ¼ ðb11k1c1T 0;1Þ. That is, the ﬁeld
is singular within the crack and, in particular, at its tip. On the other hand, if we simply set a = 0 in Eq. (5),
both ﬁelds are clearly bounded.2.3. Notes on the stresses at the rim of the hole
Under mechanical load the body will develop stresses, and these will be maximum at the boundary of the
hole. In particular, when the body is subjected to remote tensile stress T0 along the z direction, the stresses at
the points (±a, 0) will be Tzz  kT0, with k a concentration factor that depends on the material properties and
the aspect ratio a1 of the ellipse.
However, a problem which is less clear from a physical standpoint is to determine the stresses on the bound-
ary of the hole when the applied load is an electric ﬁeld, say E1 = (0,E0) (from a standard point of view this is
considered to be a positive ﬁeld because it is in the poling direction). We found in S–K that in particular at the
tip of the ellipse.T zzða; 0Þ ¼ k3
b122  0
acþ 20b11
E0 ð6Þwhere k3 is a material parameter listed in Table A. If the piezoelectric solid is, in addition, subjected to remote
forces, the corresponding stresses can be added to Eq. (6) according to the principle of superposition. On this
point it is useful to note that the sign of Tzz (a, 0) in Eq. (6) depends solely on the sign of k3 and E0, since the
rest of the expression is positive. Thus, according to Eq. (6), the electric ﬁeld can increase or reduce the inten-
sity of the normal stress generated by, for example, tensile traction applied in an independent manner for po-
sitive k3 and vice versa for negative. Therefore Eq. (6) conﬁrms what has been found experimentally (Park and
Sun, 1995): Under a ﬁxed tensile applied force, a positive ﬁeld increases the value of the stress at the tip of the
ellipse for PZT-4. If we let 0 = 0 (the impermeable condition) then Tzz(a, 0) becomes singular if a = 0. To esti-
mate the magnitude of the stress component we notice that, for a piezoelectric ceramic, k3b122  100  101,
c  100. Hence a ﬁeld of 105 [V/m] applied alone could induce a stress of up to ±100 [MPa] if the axes of
the ellipse are of the ratio 1/100. There are, however, limitations regarding the approximate nature of the esti-
mations made above. For very slender ellipses or blunt cracks, ac may become comparable to the product
0b11  103 in Eq. (6). In such a case one needs to look at the two limiting conditions discussed before,
namelylim
a!0
T zzða; 0Þ ¼ k3
b122  0
20b11
E0 ð7Þindicating that the stress is inversely proportional to the permittivity of the gas enclosed by the crack. It is clear
that if the analysis were based on a model that neglected the interior of the hole (0! 0), the normal stress
J.L. Pe´rez-Aparicio et al. / International Journal of Solids and Structures 44 (2007) 4892–4908 4899would be unbounded, a result predicted by the approximate model. If we start ﬁrst with the condition of elec-
tric impermeability, from Eq. (6) we obtainlim
0!0
T zzða; 0Þ ¼ k3
b122
ac
E0 ð8Þwhich again produces singular magnitudes when the hole becomes a crack.3. Finite element formulation
The ﬁelds present in piezoelectric phenomena can be relatively simple: Elastostatic and electrostatic, the lat-
ter governed by equations similar to those of heat transfer. Original works addressing FEM for piezoelectricity
date back more than 30 years (Allik and Hughes, 1970). However, these formulations were quite limited in
scope and took place at a time when mechanical contributions to piezoelectricity were at a very early stage.
In this section, an overview of a formulation to be implemented in a research ﬁnite element code is present-
ed. This formulation is tailored to be particularized for the analysis of a crack ﬁlled with matter of any elastic,
electric or coupled nature. To this end, the ﬁrst step is to rewrite the constitutive equations Eq. (1) in a manner
more amenable to the FEM, that is, with electric ﬁeld and strain as independent variables. ThusT ¼ cES etE; D ¼ eSþ SE; ð9Þwhere cE is the elasticity tensor evaluated at a constant (zero, short-circuit) electric ﬁeld, e the piezoelectric
tensor, and S the dielectric permittivity measured at constant (zero, clamped) strain. Furthermore, E and
D are positive if they coincide with the polarization direction. Using the coordinate convention introduced
before, plane problems are studied in the (x,z) plane, with z the poling and y the out-of-plane direction,
see Fig. 1. Any other polarization can be studied by choosing the proper rows and columns in the constitutive
equations.
Consider an arbitrary domain X with boundary C in which Maxwell and equilibrium equations (Section
2.1) including free charge density q and body forces f, hold. The weak form is deducted from the equilibrium
equations weighted by variations du and d/ and averaged over the domainZ
X
du  ðrs  TÞdXþ
Z
X
du  f dX ¼ 0;
Z
X
d/ðr DÞdX
Z
X
d/qdX ¼ 0;where variations satisfy the essential boundary conditions homogeneous part. With compatibility relations
from Section 2.1 and Eq. (9), integration by parts and the divergence theorem yieldZ
X
rs  ðduÞcErs  udXþ
Z
X
rs  ðduÞetr/dX
Z
Ch
du  ðT  nÞdC
Z
X
du  f dX ¼ 0;
Z
X
rðd/Þers  udX
Z
X
rðd/ÞSr/dX
Z
Ch
d/ðD  nÞdCþ
Z
X
d/qdX ¼ 0; ð10Þwhere Ch is the portion of the boundary where natural conditions (tractions and ﬂuxes) are prescribed. In or-
der to work with a symmetric system, the sign of the ﬁrst of Eq. (10) has been changed, resulting in a negative
sign of the electric permittivities. In matrix formZ
X
frs  ðduÞ;rðd/Þg c
E et
e S
 
|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
C
rs  u
r/

 
dX ¼
Z
Ch
fdu; d/g fq

 
dCþ
Z
X
fdu; d/g fn
Dn

 
dX
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
F
ð11Þwhere fn = TÆn, Dn = DÆn are the normal surface forces and normal electric displacement, respectively. For an
extended 2-D analysis, the matrix form of Eq. (9) is
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e31 e31 e33 0 0 S33
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Sxx
Syy
Szz
2Sxz
Ex
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8>>>><
>>>>>:
9>>>>=
>>>>>;
: ð12ÞWe observe that for plane stress Tyy = 0 and for plane strain Syy = 0, while for axisymmetric both are non-
zero. Retaining out-of-plane elastic magnitudes is of practical interest. For instance, direct calculations and
Table A indicate that a body made out of the piezoceramic PC8 under plane strain and subjected to tension
along the polarization direction develops a lateral stress Tyy = 0.43Tzz, not negligible by any means.
Each analytical BC is easily replicated by either meshing or not meshing the inside of the ellipse with ele-
ments. For the Exact BC, the elements inside the cavity simulate a dielectric medium without any stiﬀness,
using the piezo ﬁnite element and taking cE,e! 0 in Eq. (12). For cE, values of about 5 orders of magnitude
smaller than the ceramic coeﬃcients are enough to enforce the absence of stiﬀness, avoiding numerical prob-
lems due to zero diagonals in the matrix C, while for e an exact zero is used. The tractions t will be nil at the
interface due to the very low stiﬀness of air and the normal electric displacement Dn = c o/c/on, computed
from the air-element, is the counterpart of the second of Eq. (9) when there is no coupling. The condition /
= /c will be directly enforced by the nodal continuity of the mesh. For the Impermeable BC, just the absence
of matter inside enforces the electrical impermeability of the crack, since automatically (for a suﬃciently
reﬁned mesh) both t and Dn (‘‘free traction’’) will be zero due to the free surface of the ellipse rim. Notice that
only one row of air-elements along the rim is enough to enforce the Exact BC.
3.1. Formulation of a piezoelectric ﬁnite element
The integral forms Eq. (11) and the constitutive matrix equations Eq. (12) are transformed in this subsec-
tion to formulate a piezoelectric ﬁnite element. The zero-derivative nodal variables da = {ua,wa,/a} (horizon-
tal, vertical displacements and voltage at node a) can be interpolated with the use of shape functions
(Lagrangian polynomials). Using the compatibility relations (Section 2.1) we obtainu ¼ Naua ) rs  u ¼ Bars ua; / ¼ Na/a ) r/ ¼ Bar/a; ð13Þ
where repetition of supra indices a implies summation. In this work we use a combined ﬁnite element compati-
bility matrix, including a symmetric gradient (elasticity) and a scalar gradient (electricity) operators applied to
the shape functions. In the extended 2-D, with Eq. (13) for each node a the compatibility equations become the
ﬁnite element compatibility operatorSxx
Syy
Szz
2Sxz
Ex
Ez
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
¼
Na;x 0 0
0 0 0
0 Na;z 0
Na;z N
a
;x 0
0 0 Na;x
0 0 Na;z
2
666666664
3
777777775
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Ba
ua
wa
/a
8><
>:
9>=
>; ð14Þwhere the subscript (,i), i = x,y,z indicates derivatives with respect to the coordinate directions, and the supra
index a indicates the local numbering of each element. Any isoparametric element can be used in this formu-
lation, with a = 1, . . . , nen, where nen is the number of nodes in the element, usually equal to 4, 8 or 9, and
the corresponding Lagrangian shape functions for geometry, displacements and voltage interpolations. For
plain strain or plain stress all the entries of the second row of Ba are nil, since the values of Syy (and also
of Tyy) are computed in post processing, while for the axisymmetric case they are changed to {N
a/r, 0,0},
where r is the radial distance between a point and the symmetry axis.
J.L. Pe´rez-Aparicio et al. / International Journal of Solids and Structures 44 (2007) 4892–4908 4901From equilibrium Eq. (11), constitutive Eq. (12) and compatibility operator Eq. (14), the matrix form of
weak equilibrium becomes (Zienkiewick and Taylor, 2000)Kuu Ku/
K/u K//
 
u
/

 
¼ Fu
F/

 
ð15Þor combining both ﬁelds Kd = F.
This global algebraic system can easily be assembled by adding the following element contributionske ¼
Z
X
ðBaÞtCBa dX; de ¼ daf gt; Fe ¼ Faf gt; ð16Þwhere C and Fe are given by Eq. (11) and B = [B1, . . . , Bnen]. Strictly speaking, the force vector should contain
the nodal forces that ensure equilibrium of one element with respect to the other, but in the assembly process
they are eliminated.
This element can be implemented with minimum work in the ﬁnite element research code FEAP (Taylor,
2001) using existing isoparametric elastic elements in which the size of the arrays (e.g., number of nodal
unknowns per node) is increased to accommodate both elastic and electric degrees-of-freedom, following stan-
dard linear ﬁnite element techniques (Hughes, 1987). The polarization vector [C/m2] can be obtained in post
processing by P = D  0E.4. Finite element results
In the analytical model it is straightforward to reduce an ellipse to a crack by taking a! 0. However,
it has been reported that with the ﬁnite element method it is very diﬃcult to draw quality meshes for val-
ues of a < 1/10 (Qi et al., 1997), especially at or near the crack tip where the most important values are to
be studied. Of course it is easy to build meshes that represent slender cavities just by avoiding the con-
nection of the elements at both sides of the cavity, but then no elastic or electric properties can be
assigned inside. This can be done with very thin elastoelectric elements of the type developed in the pre-
vious section, but high aspect ratios between the sides length can again aﬀect the precision where it is
most needed.
The conclusions about the validity of the Impermeable or Exact BC models drawn in this work result
from comparing standard numerical methods with those of the equations in Section 2. The 9-node quadrat-
ic (Q9) ﬁnite element developed in the previous section is used to study an inﬁnite plate with a centered
ellipse of constant semi length a = 1 [m] and variable b, to allow for diﬀerent aspect ratios. To enforce
the inﬁnity of the plate, both sides are 5 · a. The Q9 is chosen because it is more able than linear elements
to represent the expected high concentrations and the very non-linear proﬁle of the high aspect ratio ellip-
ses. It is also necessary to construct very structured meshes with strong intensiﬁcation close to the tip: The
elements need to be very small around (a, 0) to be able to capture ﬁeld concentrations, but those far from
the tip must be large in order to keep the total number to a reasonable minimum. For instance, in the case
of ceramic PZT-4, applied electric ﬁeld and a = 1/50, the vertical stress inside the ceramic is non-zero in
only 0.4% of the ellipse semi length a and only signiﬁcant in about 0.05% (see Fig. 3). In order to capture
the strong concentration (45 times for Impermeable and 10 for Exact) and to avoid oscillations in this and
the other distributions, at least 3 or 4 ﬁnite quadratic elements must be placed within this 0.05%. More
interestingly, the element intensiﬁcation must be even higher in the neighborhood of the tip from the ellipse
rim (towards h = 0, Fig. 1) to enforce the perpendicularity to the x-axis and consequently to capture
boundary conditions such as Txx(a, 0) = 0 (see Fig. 9), which through equilibrium equations inﬂuence all
other magnitudes.
For the generation of the mesh along the ellipse rim and the symmetry lines, we have developed a special
stretching function of the Z-Riemann type with truncated negative valuesf ðjÞ ¼ 1
h Z 13jþ 1ð Þ  1½  ; ZðnÞ ¼
X1
l¼1
1
ln
; ð17Þ
Fig. 3. Analytical Tzz(a,0) for Impermeable and Exact (c = 800) BC, material PZT-4, a = 1/50, applied E
1
z and corresponding ﬁnite
element mesh at the ellipse tip.
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to reach a ratio of 5 orders of magnitude between the sizes of the smallest and the largest elements and to place
six elements for a = 1/50, see Fig. 3, in the ﬁeld concentration area (even more for larger aspect ratios). Sim-
pler functions such as the exponential produce length oscillations close to the ellipse tip, while others such as
the hyperbolic tangent (Lin, 1992) can neither concentrate small elements nor achieve the progressiveness.
This meshing is based on the study of laminar ﬂow in airfoils, whose perimeter has a geometry similar to
the ellipse. Based on the ‘‘key points’’ generated by this function, the BLEND command of FEAP is used
for the rest of the plate. The cases are run in a PC AMD64 with 3 Gigabytes of memory and Linux operating
system. The quadruple precision and special architecture of this computer is an additional help in achieving
more accurate results.
In Fig. 4, the correspondence between the analytical (Exact BC) tangential ﬁeld of Eq. (4) and that given by
the Finite Element Method (FEM) is very good for several ellipses, material PZT-4 and two diﬀerent permit-
tivities inside the ellipse. The distribution is shown only up to h = 45, for larger angles the curves tend to con-
verge. The values are all zero at h = 90 since only a vertical ﬁeld is applied, while by h = 0 (ellipse tip) they
increase with the aspect ratio. Between the two extremes, a trigonometric progression is observed. For gases
inside the crack more conducting than the air inside the crack (ﬁgure right) we ﬁnd a smaller concentrations of
the ﬁeld, see Eq. (4). In addition the higher permittivity will diﬀerentiate better the Impermeable (c = 0) and
Exact BC (not present in this ﬁgure) results. Therefore, in the next examples we will use the permittivity of the
right ﬁgure. As in the next ﬁgures, only a few nodal data from the FEM are represented in order to clarify the
graphic.Fig. 4. Et(h) for Exact (c = 0 left, c = 800 right) along the ellipse rim, material PZT-4, applied E
1
z .
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The simulation is performed with a quarter-plate, structured, progressive mesh of 10,400 elements very con-
centrated at the tip of the ellipse. Along the line z = 0, the smallest element (close to x = a) has a length of
2 · 105 [m], and the largest (by the border of the plate) of 7 · 101 [m]. The CPU solution time for this case
is of 1230 [s] with the computer described before. In Fig. 5, very good agreement between the analytical and
the FEM results for the vertical electric ﬁeld with both the Impermeable (no mesh in the hole, c = 0 in the
second Eq. (2)) and Exact (mesh to represent matter inside the hole, c = 80 0 in Eq. (2)) is found. Even
for a not very high aspect ratio, the ﬁrst BC predicts more than double concentration at the ellipse tip than
the second. As explained in Section 2, the Impermeable BC does not consider the inside, and the FEM predicts
very well the constant (and maximum) electric ﬁelds of Eq. (2), as well as the distributions in the ceramic. At a
distance of about 40% of a, the ﬁeld takes a constant value corresponding to the far-ﬁeld. Fig. 6 represents the
stress due to the piezoelectric coupling for the same situation. The concentration reaches 18 [MPa] for the
Impermeable and about 7 [MPa] for the Exact BC, a signiﬁcant diﬀerence and obviously the stress is nil inside
the hole, where the material does not exist. The non-zero distribution expands 2% of a, much more than in
Fig. 3, where the aspect ratio was a = 1/50, but still a very small length. Positive and negative areas of the
distribution are equal to fulﬁll vertical equilibrium of forces in the section z = 0.
Figs. 7–9 present several distributions for the previous situation but under an applied far stress T1zz of 1
[MPa]. Fig. 7 is the counterpart of Fig. 5, showing an electric ﬁeld (one order of magnitude smaller than
before) induced by applied stress. There is no compensation in the distribution areas since there is no equilib-
rium to fulﬁll. A small and very similar (far from the ellipse tip) constant electric ﬁeld of 3 · 104 [V/m] can be
observed for both Impermeable and Exact BC. On the other hand the distributions diﬀer around a small
length close to the tip: While the former is always negative, the latter changes sign and its maximum is about
half that of the Impermeable. The ﬁeld inside the ellipse is negative since for this material in the second of Eq.
(5), 2g220 < jk2j.
The values of Ex from the ﬁrst of Eq. (15) are of  (1011), sixteen orders of magnitude less than for
Ez, the FEM cannot capture this number and is not represented. The distribution of Tzz is plotted in
Fig. 8, where results from both BC are almost equal, with a concentration of 37 for Impermeable
and 34 for Exact. In about 3% of a (out of the ﬁgure) the distribution reaches the far stress constant
value.
To end this series of graphics, in Fig. 9 the horizontal stress Txx is represented. Again the Impermeable
and Exact BC almost coincide, with a maximum of about 1/4 of Tzz(a, 0) from the previous ﬁgure, giving
an apparent Poisson’s ratio of 0.25, very similar to sD13=s
D
11 ¼ 0:244, calculated from Table A. The free
edge boundary condition Txx(a, 0) = 0 is very well enforced due to a high intensiﬁcation of elements:
Those adjacent to the tip have a side length of 2 · 105 [m] by x! a and of 1.9 · 105 [m] by h! 0.
Since there is no horizontal stress applied, the distribution goes to zero at a distance of three times a
(out of the ﬁgure).Fig. 5. Ez(x, 0) around ellipse tip for Impermeable and Exact (c = 800) BC, material PZT-4, a = 1/20, applied E
1
z .
Fig. 6. Tzz(x, 0) around ellipse tip for Impermeable and Exact (c = 800) BC, material PZT-4, a = 1/20, applied E
1
z .
Fig. 7. Ez(x, 0) around ellipse tip for Impermeable and Exact (c = 80 0) BC, material PZT-4, a = 1/20, applied T
1
zz .
Fig. 8. Tzz(x, 0) around ellipse tip for Impermeable and Exact (c = 800) BC, material PZT-4, a = 1/20, applied T
1
zz .
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ellipses (see Figs. 5 and 6 for a = 1/20) under a far vertical electric ﬁeld of 1 [MV/m]. As explained in Section 1,
both models tend to give the same results for open holes, when aP 1/4 (out of the ﬁgure). On the other hand,
the ﬁeld already diﬀers clearly for a = 1/10. When a = 1/20 the ﬁeld of the Impermeable BC doubles the ﬁeld
of the Exact BC, and when a = 1/100 the diﬀerence is almost 9 times. Certainly cracks with aspect ratios of 1/
10 or even higher are very common; they are even often used in experimental specimens for piezoelectricity
(Park and Sun, 1995; Wang and May, 2004). The FEM solution follows the analytical solutions very well
up to the value a = 1/50. Beyond this aspect ratio, it is diﬃcult to draw meshes that can capture the behavior
with precision.
Fig. 9. Txx(x,0) around ellipse tip for Impermeable and Exact (c = 800) BC, material PZT-4, a = 1/20, applied T
1
zz .
Fig. 10. Ez(a, 0) at the ellipse tip for Impermeable and Exact (c = 800) BC, material PZT-4, applied E
1
z .
Fig. 11. Tzz(a, 0) at the ellipse tip for Impermeable and Exact (c = 80 0) BC, material PZT-4, applied E
1
z .
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ing conditions. Notice that for the material PZT-4 the curves of Figs. 10 and 11 have the same qualitative
behavior. However, it should be noted that for other materials such a resemblance disappears due to the
inﬂuence of the coeﬃcient k3 (Table A) of Eq. (6) (refer also to Fig. 12). As was the case in Fig. 10 the
agreement between analytical and numerical solution is excellent for the Exact BC, and a discrepancy
between both solution becomes more evident for the Impermeable BC as the aspect ratio increases. This
is not surprising since numerical methods increase in accuracy as the model incorporates more realistic
physical assumptions.
Fig. 12. Tzz(a, 0) for Impermeable and Exact (c = 800) BC, a = 1/20, applied E
1
z .
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a = 1/20. The sign of these stresses is related to that of k3 in Table A, see Eq. (6). Notice that even for this
relatively low aspect ratio the value related to the Impermeable BC is in most cases twice that of the Exact.
This ﬁgure explains why some materials can be more resilient to opening stresses than others and why a rever-
sal of the electric ﬁeld sign (due to domain switching for instance) can be catastrophic, a very clear eﬀect in
material P-7B.
5. Conclusions
The interactions of electro-elastic ﬁelds with voids and cracks contained in a piezoelectric solid have been
addressed both in closed form and numerically using ﬁnite elements. The numerical algorithm has been used
to generate results that compare well with previous analytical solutions, making it suitable to eventually
address more complicated conﬁgurations. It is important to emphasize that contrary to previous published
numerical algorithms, the proposed FEM is not based on special elements to accommodate high electrome-
chanical ﬁeld concentrations. In other words, the current FEM formulation does not use special, singular
and diﬃcult to implement elements. Instead we use sophisticated meshes with ratios between the smallest
and largest elements of four orders of magnitude.
The developed formulae and numerical results are applied to seven diﬀerent piezoelectrics, reaching conclu-
sions about the behavior of defects in these materials.
We can now conclude with conﬁdence that the nature of the electric boundary conditions chosen that exist
at the rim of a void play a signiﬁcant role in the distribution of electro-elastic ﬁelds when the void is rather
slender. It is particularly noteworthy that in the case of slender voids the impermeable (approximate) model
overestimates the ﬁeld concentrations considerably, thus leading to the design of devices that may be either
more costly, heavier, or unnecessary larger.
It should be noted that although the FEM formulation has been validated against available analytical solu-
tions, each formulation has being done completely independent from each other. In other words, in the numer-
ical formulation the issue of Impermeable and Exact BC does not play any role beyond the presence or
absence of matter inside the mesh. Therefore, we use the FEM results as a virtual laboratory, and it is obvious
from these results that the presence of matter precludes inﬁnite values for the ﬁeld distributions. No doubt
such presence of matter is a very realistic assumption for the study of electric distributions.
Appendix A. Material constants
This appendix lists the values of the material constants for the transversely isotropic piezoelectric ceramics
used in this work (see Table A).
Table A
Piezoelectric constants for analytical computations
Constant PZT-4a TR6FGb BaTiO3
a P-7c P-7Bc P-6Fc PC8d Units
sD11 10.99 12.45 8.70 13.50 14.50 12.01 9.91 ·10
12 [m2/N]
sD12 5.36 6.25 3.10 8.00 8.10 6.19 4.26
sD13 2.22 2.44 1.92 2.44 3.13 2.48 2.42
sD33 8.24 8.86 7.10 9.06 10.10 8.36 9.88
sD44 20.16 24.84 17.53 22.90 26.43 21.64 22.90
g31 10.69 8.42 5.18 11.13 7.25 9.39 10.12 ·103 [Vm/N] or [m2/C]
g33 25.11 18.66 12.62 22.05 14.43 19.73 25.10
g15 37.98 27.63 20.25 32.19 20.89 29.15 28.87
T11=0 1475 3515 1450 1930 3200 1670 1150 
T33=0 1300 3420 1700 2100 4720 1780 1035
bT11 7.66 3.21 7.79 5.85 3.53 6.76 9.82 ·10
7 [Nm2/C2]
bT33 8.69 3.30 6.64 5.38 2.39 6.35 10.91
c 1.77 1.82 2.12 1.93 2.26 1.95 1.81 
k1 8.27 12.69 6.17 8.27 8.27 0.00 8.27 ·1025 [C/N]
k2 4.98 8.93 3.33 5.96 8.09 4.86 3.56 ·1010 [C/N]
k3 1.52 0.29 0.23 1.57 2.86 0.92 1.62 ·108 [N/C]
a Engineering Fundamentals (2005).
b TRS Technologies Inc. (2004).
c Murata Manufacturing Co., Ltd. (2001).
d Morgan Matroc Limited (1997).
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